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In an exceptionally beautiful paper STEINITZ [4] established, among 
others, the following result which solves a problem going back at least 
to STEINER [3]: 
There exist convex polyhedra P in E3, having the property that if P* 
is any convex polyhedron isomorphic (i.e. combinatorially equivalent) to 
P, then P* is not inscribed 1) into a sphere. (In short, there exist convex 
polyhedra of a non-inscribable type). 
From Steinitz's proof it follows that even such simple polyhedra as 
the rhombic dodecahedron, or those obtained by erecting a pyramid on 
each face of a tetrahedron, octahedron, or icosahedron, are of non-
inscribable type. 
In connection with Steinitz's theorem the following questions may be 
posed (the first was proposed by T. S. Motzkin): 
(A) Does there exist, for every convex polyhedron P in E3, an iso-
morphic polyhedron P* such that every face of P* has a circumcircle~ 
(In short, does every such P have a representation P* with circumcircles 1) 
(B) Does every 3-connected planar graph 2) G have a convex realiza-
tion 3) G* such that every country is a polygon having a circumcircle~ 
(In short, does every such G have a realization with circumcircles ?) 
Rather obviously, a negative answer to either (A) or (B) implies 
Steinitz's theorem, but neither of the two questions can be decided by 
Steinitz's theorem or his method of proof. 
*) The research reported in this document has been sponsored in part by the 
Air Force Office of Scientific Research, OAR through the European Office, Aerospace 
Research, United States Air Force. 
1) A polyhedron is inscribed into a sphere iff all its vertices belong to the sphere; 
analogously for polygons inscribed into circles. 
2) An abstract graph G may be represented by the vertices and edges of a 
convex polyhedron iff G is 3-connected and planar. (For this theorem of Steinitz [5] 
see [2]). 
3) A realization of a graph in the plane is convex iff all the (bounded) countries, 
as well as the complement of the unbounded region of the plane, are convex. 
Every 3-connected planar graph has convex realizations. (This is an obvious 
consequence of Steinitz's theorem mentioned in Footnote (2). 
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In the present note we shall establish a negative answer to both (A) 
and (B). 
Lemma I. Let G be a 3-connected planar graph containing as sub-
graph the configuration 0 of Fig. 1 (no additional edges of G being 
incident to the nodes Bt). Let G* be a convex realization of G in which 
the image of 0 is not incident to the unbounded region. Then G* is not a 
realization with circumcircles. 
Fig. 1 
Proof. If G* were a realization with circumcircles then B1, B2 and 
Ba, being concyclic with A2, Aa, resp. Aa, A1, resp. ,A1, A2, would belong 
to the interior of the triangle with vertices A1. A2, A3 • Therefore 
lXI +1X2+1Xa<n. But A1B20Ba are concyclic, and therefore lXI +y1=n; 
3 3 
similarly, 1X2+y2=n and tXa+ya=n. Thus 3n= ~ (tXt+Yt)<n+ ~ Yt=3n. 
i~l i~l 
The contradiction reached proves the lemma. 
Theorem 1. Let Go be a 3-connected planar graph, N1 and N2 
two trivalent nodes of Go not incident to the same face G. Let G be obtained 
from Go by replacing each of the nodes N1 and N2 by the (trivalent) 
configuration 0 of Fig. 1. Then G has no realization with circumcicles. 
Proof. If G* is any convex realization of G, the image of at least 
one of the copies of 0 contained in G is not incident to the unbounded 
region determined by G* ; Theorem 1 follows from Lemma 1. 
Lemma 2. Let P be a trivalent 4) convex polyhedron in E3 such 
that each face of P has a circumcircle. Then P has a circumsphere. 
Proof. The sphere determined by the circumcircles of any pair of 
4) i.e. with three faces meeting at each vertex. 
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faces with a common edge obviously contains the circumcircles of all 
the faces, and is therefore a circumsphere. 
Theorem 2. Let Po be any trivalent convex polyhedron in E3 and 
let P be obtained from Po by cutting off one of the vertices of Po by 
three planes in such a way that the vertex is replaced by a configuration 
of type 0. Then P has no representation with circumcircles. 
Proof. Let P have a representation with circumcircles. By Lemma 2, 
P* has a circumsphere S. Let F be a face of P* not incident to the con-
figuration 0, and let N be a point of S obtained by projecting an interior 
point ofF from the center of S onto S. Using the stereographic projection 
with N as center, the edges of P* project to a 3-connected planar graph G, 
each country of which has a circumcircle (by the circle-preserving property 
of the steographic projection). But, because of the choice of N, the con-
figuration 0 is contained in G and is not incident to the unbounded region 
determined by G, - in contradiction to Lemma 1. 
Remarks. 
1. The polyhedron with the smallest number of faces which has no 
representation with circumcircles, can be obtained in the fashion of the 
above proof from the tetrahedron (cf. Fig. 2). 
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Fig. 2 
2. By a slightly more complicated argument, using a theorem of 
Miquel (see e.g., CooLIDGE [1], Theorem 155, pp. 86-87) it can be proved 
that Theorem 1 remains valid even if only one trivalent node of Go is 
replaced by the configuration 0. 
3. Clearly, in Lemma 1 one could consider configurations analogous 
to 0 but with k > 3 quadrangles meeting at a node. This would lead to 
additional constructions of graphs having no realizations with circum-
circles, and polyhedra having no representations with circumcircles. 
4. The family of polyhedra of non-inscribable type obtained by 
Theorem 2 has no member in common with the family of such polyhedra 
constructed by STEINITZ [ 4). 
5. As shown by STEINITZ [4], polyhedra dual to polyhedra of 
inscribable type are of circumscribable type, and vice versa. No such 
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duality holds with regard to the problems treated in Theorem 1 and 2. 
Although the answers are probably negative, the questions obtained 
from (A) and (B) by substituting "incircle" for "circumcircle" are still 
open. Other problems are obtained by changing "circumcircle" to "circum-
ellipse". 
Conjecture. A convex polyhedron has a representation with circum-
circles if and only if the graph of its vertices and edges has a realization 
with circumcircles. 
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